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Aim of this talk

▪ Historical introduction to quantum contextuality

▪ Differences between the Kochen-Specker theorem and the 

theory-independent notion of contextuality for ideal 

measurements

▪ Why contextuality for ideal measurements is key for 

understanding QT

▪ Disclaimer: I assume that the audience is familiar some of the 

results reviewed in the talk. I have no time to discuss details. My 

aim is to point out connections that may help us to understand the 

evolution of the field. The selections and emphases are subjective



1926-1927: The problem of “hidden variables”

▪ Origin of the problem:

▪ Born’s probabilistic interpretation of 

Schrödinger’s wave function, expressing 

the fundamentally probabilistic character 

of the predictions of quantum mechanics

▪ Heisenberg’s uncertainty principle, 

asserting a fundamental limit to the 

precision with which the values of 

position and momentum can be predicted 

in quantum mechanics



1926-1927: The problem of “hidden variables”

▪ Two sides:

▪ Heisenberg, Born, Pauli, and Bohr made strong 

claims that quantum mechanics provided a complete 

framework for physics and manifested their skepticism 

about the possibility of completing it with hidden 

variables

▪ Schrödinger, de Broglie, and Einstein hoped that 

incompatible observables such as position and 

momentum could be shown to have simultaneous 

values in a deeper non-probabilistic theory, and viewed 

the quantum state as an incomplete description in 

need of supplementation by hidden variables



1927: The Solvay conference
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1927: The Solvay conference

▪ De Broglie presented an explicit hidden variable theory

▪ The criticisms received, particularly from Pauli, persuaded 

him to abandon his theory

▪ Recommended (film of the Solvay conference): 

https://www.youtube.com/watch?v=UK1LA6jlcgM

https://www.youtube.com/watch?v=UK1LA6jlcgM


1931-1932: von Neuman’s no-hidden variables proof 

▪ Proof of impossibility of hidden variables

▪ Influential but later shown to be inconclusive



1932: Wigner’s quasiprobability distribution

▪ When attempting to link Schrödinger’s wave 

function to a distribution on phase space, 

Wigner found that such a distribution has 

negative values and cannot be made non-

negative

▪ The importance of this was not recognized 

until much later



1935: The EPR paper



1935: The EPR paper

▪ Quantum mechanics is incomplete, in the sense that it does not assign 

definite outcomes to measurements whose results can be predicted with 

certainty from the outcomes of space-like separated measurements

▪ Bell will show that EPR’s hidden variable theories collide with quantum 

mechanics but, at that time, the EPR argument reinforced Einstein’s 

resistance to accept quantum mechanics as a final theory



1936: Quantum logic

▪ Birkhoff and von Neumann 

developed a quantum logic, a set 

of algebraic rules governing 

operations to combine and 

predicates to relate propositions 

associated with physical events

▪ This logic will provide a new 

basis for discussing the problem 

of hidden variables



1952: Bohm’s hidden variables theory

▪ Further elaboration of de Broglie’s 

theory of 1927

▪ Deterministic and explicitly non-local at 

the level of hidden variables



1957: A generalized probability theory for QM

▪ Mackey asked whether every measure 

on the lattice of projections of a Hilbert 

space can be defined by a positive 

operator with unit trace

▪ A positive answer would show that the 

Born rule follows from a particular set of 

axioms (framing a generalized probability 

theory) for quantum mechanics



1957: Gleason’s theorem

▪ Kadison (and later Bell and Kochen and 

Specker) proved this false for two-

dimensional Hilbert spaces

▪ Gleason showed it to be true for higher 

dimensions

▪ Gleason’s theorem is going to play a 

crucial role in the discussion of hidden 

variables



1960: Specker

▪ Inspired by “the question whether the omniscience of 

God also extends to events that would have occurred 

in case something would have happened that did not 

happen” and by the logic of Birkhoff and von 

Neumann, Specker reformulated the question of 

hidden variables as follows: “Is it possible to extend 

the description of a quantum mechanical system 

through the introduction of supplementary --fictitious--

propositions in such a way that in the extended 

domain the classical propositional logic holds?”

▪ Specker found that “[t]he answer to this question is 

negative, except in the case of Hilbert spaces of 

dimension 1 and 2” as “[a]n elementary geometrical 

argument shows”



1967: The Kochen-Specker theorem



The 18-vector proof of the KS theorem
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The 18-vector proof of the KS theorem



1963-1966: Bell’s NCHV proof

▪ More complex basic structure than KS’s

▪ Infinite observables

▪ Bell is skeptical about the assumption of 

outcome non-contextuality 

(measurements in different contexts 

require different devices)



1964: Bell’s theorem and inequality



1971-1981: The origin of the word “contextuality”



1971: “Contextualistic” hidden-variable theories



1981: “Contextual” hidden-variable theories



1993: “Contextuality”



1990: The Peres-Mermin square

Greenberger, Horne, Zeilinger Peres                              Mermin



1990: Mermin’s unification

▪ GHZ can be converted into a Bell inequality

▪ GHZ can be extended into a KS proof



1983: Kochen-Specker with locality

Allen Stairs in the 80’s
Michael Redhead



Unifying Bell and KS theorems?

▪ Bell's theorem leads to experimental tests of whether the world can be 

explained with theories which can be defined without any reference to quantum 

mechanics. In them, any observable is measured with the same device in 

every context

▪ The KS theorem is attached to quantum mechanics:

▪ The KS theorem does not refer to general measurements, but to those 

that are represented in quantum mechanics by self-adjoint operators. 

(There are other measurements in quantum mechanics)

▪ The proof of the KS theorem includes constraints that are specific to 

quantum systems. (E.g., KS, PM)

▪ The experimental translation of the KS theorem (as proposed by KS 

and Bell) assumes quantum mechanics, as it is assumed that coarse-

grainings of two different (and incompatible) measurements represent 

the same observable based on the fact that, in quantum mechanics, 

both yield the same outcome statistics



1998: Towards experimental falsification of NCHVTs

Mermin



1999: Finite precision nullifies the KS theorem?



2000: “KS inequalities” (still assuming QM)



2008: The KCBS inequality



2008: The Peres-Mermin inequality

▪ The inequality holds under the assumption 

of outcome non-contextuality

▪ Quantum mechanics is not assumed in any 

way



2008: The Peres-Mermin inequality

▪ The inequality holds under the assumption 

of outcome non-contextuality

▪ Quantum mechanics is not assumed in any 

way

▪ The quantum violation occurs for all 4-dim 

states using the Peres-Mermin observables



2009: Every KS set leads to a SI violation of a NCI



Ideal (aka sharp) measurements

An interaction between a physical system (“measured 

system”) and another physical system (“measurement 

device”) that:

1. Yields the same outcome when performed 

consecutive times (even using a different copy of 

the measurement device)

2. Does not disturb any compatible observable

3. All its coarse-grainings can be implemented 

satisfying 1 and 2



Physical system + measurement devices

measurement devices
physical system 

measured



Yields the same outcome when repeated (w a diff. dev.)

37.50 mm 37.50 mm 

measurement 

device #2measurement 

device #1

t = 1
t = 2



Does not disturb compatible observables

37.50 mm 37.50 mm 

37.20 mm Performing or not the measurement on the 

top does not alter the outcome statistics of 

the measurment on the bottom 



Compatible measurements



Coarse-grainings have ideal implementations

37.50 mm 

37 mm 

there is one outome for every 20 outcomes 

of the measurement in the

left hand side



Coarse-graining



Contextuality for ideal measurements

▪ It applies to ideal measurements

▪ It applies to outcome non-contextual models (rather than to models 

satisfying quantum constraints) 

▪ It does not require assuming that coarse-grainings of two different 

measurements represent the same observable. For any observable, 

the same experimental device can be used in all contexts (see 

experiments with sequential measurements)



Contextuality experiments with sequential measurements



2009: Innsbruck contextuality experiment with ions



2009: Stockholm experiment with single photons



2018: Sustained state-independent contextuality

▪ “Repeatable tests exist mostly in the imagination of theorists”

▪ 53 million (randomly chosen) sequential measurements on 

a single ion. Repeatability > 99.6%



The hidden history of non-contextuality inequalities



1994: Bell inequalities are Boole’s conditions



Which of Boole’s inequalities can be violated?



1963: Vorob’yev’s theorem

▪ A violation of Boole's inequalities can only occur for 

contextuality scenarios in which the relations of 

compatibility can be encoded in a graph (in which 

vertices represent measurements and edges 

represent relations of mutual compatibility) which is 

not chordal (i.e., it does not contain induced cycles 

of size larger than three). Otherwise, there is 

always a joint probability distribution and, 

therefore, a non-contextual model
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1963: Vorob’yev’s theorem



The perspective of GPTs

▪ The framework of Generalized Probabilistic Theories (GPTs) views QT 

as one possibility in a landscape of theories and asks whether nature 

could be “more crazy” than quantum



QT as a theory of ideal measurements



Incident #1

▪ Von Neumann’s 1932 book is wrong 

about the post-measurement state

▪ The “right” state transformation 

corresponds to the only process that 

can be associated to a measurement of 

an observable A that does not disturb a 

subsequent measurement of any 

refined observable B (i.e., one where 

each outcome b is at most as likely as a 

certain outcome ab of A, for all states)



Incident #2

▪ POVMs are the most general type of 

quantum measurements

▪ However, every POVM can be realized as 

a PVM in a Hilbert space of augmented 

dimension

▪ “Generalized” quantum measurements do 

not produce correlations that cannot be 

produced by ideal measurements



The perspective of GPTs

▪ The framework of Generalized Probabilistic Theories (GPTs) 

views QT as one possibility in a landscape of theories and asks 

whether nature could be “more crazy” than quantum

▪ Some of these theories differ from QT in observable aspects

▪ E.g., in the set of correlations for Bell scenarios

▪ We have not identified a principle that explains the quantum set 

of correlations for Bell scenarios. Nature could be “more Bell 

nonlocal” than it is

▪ QT is a probability theory for ideal measurements

▪ Could nature be “more contextual” than it is for ideal 

measurements?



Other developments



2005: Spekkens’ non-contextual ontological models

▪ Idea: Non-contextual ontological models must reproduce the 

statistical equivalence class structure of preparations, 

transformations, and unsharp measurements (rather than 

just of sharp/ideal measurements as in “KS contextuality”)

▪ Question: Is this assumption as natural/well motivated as it is 

for sharp/ideal measurements?

▪ Observation: Experimental imperfections might imply that, in 

practice, no two experimental procedures are found to be 

operationally equivalent, in which case the assumption of 

non-contextuality is never applicable. (Similarly, in KS 

contextuality, experimental imperfections may make difficult 

to implement ideal measurements). Relaxations 

supplemented by quantitative measures of similarity in the 

space of procedures, and corresponding measures in the 

space of their ontological representations are needed for  

experimental tests



2012: Yu-Oh inequality



2016-2020: Minimal KS and SIC sets



Contextuality as a resource



2009: Computational power of contextual correlations



2013: Contextuality in measurement-based q. comp.



2014: Contextuality in q. comp. via magic sates



Contextuality in quantum computation. Recommended

▪ D. Browne, “Contextuality and non-contextuality in (qudit) 

quantum computing” (video):

http://pirsa.org/displayFlash.php?id=17070053

▪ M. Howard, “Magic sates and contextuality” (slides): 

https://www.cs.ox.ac.uk/conferences/contextuality/slidesMarkHoward.pdf

http://pirsa.org/displayFlash.php?id=17070053
https://www.cs.ox.ac.uk/conferences/contextuality/slidesMarkHoward.pdf


2005: Contextuality + no-signalling = secure key



2006: Contextuality + no-sig. = private randomness



The perspective of GPTs

▪ The framework of Generalized Probabilistic Theories (GPTs) 

views QT as one possibility in a landscape of theories and asks 

whether nature could be “more crazy” than quantum

▪ Some of these theories differ from QT in observable aspects

▪ E.g., in the set of correlations for ideal measurements

▪ However, nature could not be “more KS contextual”



2019: QT is the most contextual GPT for ideal measurements

▪ Which Boole’s inequalities can be violated?

▪ Answer: See Vorob’yev’s theorem. Quantum theory violates all the 

inequalities that can be violated

▪ What is the largest set of correlations for a KS scenario?

▪ Answer: The quantum one (assuming that statistically independent 

copies of any behavior exist and that the theory yields behaviors for 

any scenario)

▪ How this compares with quantum theory?

▪ Answer: Nature could not be “more KS contextual”, quantum theory is 

the most contextual GPT for ideal measurements



What does it mean?

▪ Quantum contextuality is a signature of an ontological

absence of constraints in the way certain parts of the world 

interact

▪ Quantum contextuality simply follows from adopting a 

Bayesian framework to organize beliefs and update them

when new information becomes available



Thank you!


